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An analysis based on the Townsend-Bakewell model of the eddies in the wall regions of
turbulent shear flows shows that viscoelastic fluid properties must lead to significant reductions
in the rate of production of turbulent energy. This analysis in turn leads to the proper form
of the similarity laws for drag reducing fluids, heretofore deduced empirically.

Measurements of the oxial and radial turbulence intensities for flow through smooth round
tubes are reported, as are measurements of the time-averaged velocity profiles and the drag
coefficients. These indicate that for solutions exhibiting drag reduction at all Reynolds num-
bers the flow may be transitional to Reynolds numbers of the order of 105. This transitional
flow consists of alternating patches of laminar and turbulent fluid, within each of which the
flow characteristics are approximately similar to those of Newtonian fluids. At high Reynolds
number conditions with the turbulent field fully developed the velocity profile in the core is
flatter under drag-reducing conditions than for turbulent Newtonian fluids, a change dependent
on the increased isotropy of the turbulent field of the drag-reducing fluid. These effects ap-
pear to be a result of increases in the time scales of the radial fluctuations caused by the
fluid properties.

Design colculations based upon the present results suggest that in large diameter pipelines,
or in boundary layers on large objects, drag reduction may not be attainable under conditions
of practical interest until fluids having relaxation times an order of magnitude larger than
those presently available, but with comparable viscosity levels, are developed or, alternately,
until fluids exhibiting Weissenberg numbers which do not change with deformation rate, can

be found.

A growing number of studies have been undertaken
which aim to characterize or elucidate the physical as-
pects of drag reduction. Several of these (7, 14, 20, 24,
35, 39, 46) include sufficient ranges of the primary vari-
ables such as tube size, the polymeric additive used and
its concentration to illustrate the varied nature and extent
of drag reduction and the difficulty of obtaining a gen-
eral and quantitative understanding of the phenomenon.
Although in several instances (10, 22, 24, 28, 39) drag
reduction data have been correlated empirically and
several theoretical analysis have been presented (11, 16,
41, 42) little consistent information, pertinent to the
processes involved in drag reduction, has evolved. Com-
pounding this problem is the utility of measurements using
the usual tools of research in turbulence, impact, and hot-
wire probes, which has been severely questioned (2, 15,
23, 25, 36) and remains in doubt for viscoelastic fluids.
Thus the several experimental investigations in which such
tools were employed (2, 12, 13, 28, 44, 46), though
clearly of qualitative interest, possess a quantitative utility
which remains to be determined.

THE STRUCTURE OF TURBULENCE IN
THE WALL REGION

The comprehensive data of Laufer (19) for Newtonian
fluids serve to illustrate the importance of the wall region
(y* < 30) in governing the turbulence processes of inter-
est. In particular it is shown that all of the terms appear-
ing in the energy field equations reach sharp maxima here.
The deductive arguments of Townsend (43) illustrate
concisely how the parameters governing the flow in the
wall region govern the major macroscopic properties of
the flow, such as the pressure drop and the velocity pro-
file. In the near wall region, or equivalently, in the region
of constant shearing stress, Townsend shows cylindrical
eddies of the same radial scale as the boundary layer
thickness govern to a large extent the turbulence pro-
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cesses there. A recent detailed study of the Newtonian
flow within this wall region (3) has shown that the large
eddies exist as counter-rotating pairs with their axes
along the mean flow direction. In the lateral direction a
diffuse influx of material occurs which is concentrated
between the two eddies and rapidly ejected from the
boundary layer region owing to the counter-rotation of
the eddy pair. The eddy pattern remains defined to the
outer edge of the sublayer and as these patterns may be
associated with about 509% of the total turbulent energy
they must control to a large extent the radial momentum
transport rates which exist in the wall region. From the
streamline patterns presented by Bakewell a graphical
analysis has shown (38) that the streamlines are ade-

quately described by:
¥ = K(Ax) y+ (1)

in which K is constant, y* represents distance from the
wall, and Ax is distance perpendicular to y* and the di-
rection of mean flow, measured from the center of the
eddy pair.

The kinematics of the flow field represented by Equa-
tion (1) are those of elongational or stretching flows. At
the center of the eddy structure (y = 0) the rate of
stretching I of the fluid element is given simply by:

k-]
= <a_”) _Ku (2)
6_1/ y=0 v

which for the assumed structure is independent of dis-
tance through the sublayer.

The relevance of Equation (2) arises out of the fact
that the stretch rates for viscoelastic materials can be
shown to possess effective upper limiting values deter-
mined by the physical properties of the material in ques-
tion, at which the stresses rise to very high levels (I, 4,
21, 26). This conclusion does not appear to be severely
restricted by choice of any particular empirical constitu-
tive equation but has been suggested as being true for
very general constitutive assumptions (I).

For purposes of defining the importance of this observa-
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tion in an analysis of turbulence a convected Maxwell
model (47) will be used to portray the fluid properties.
In the Cartesian reference frames of interest this model
of the material properties may be written:

7

o'y
= di' R
5t 2pd; (3)

7y + 0

Equation (3) has been employed in a number of engi-
neering studies (21, 26, 39, 48) and, with the exception
of its prediction of a zero second normal stress difference
is capable of portraying broadly and at least semiquanti-
tatively all the known real effects observed in systems of
interest. In particular it has enjoyed some success in
depicting the characteristics of Lagrangian-unsteady flows
(21, 26) similar to those of interest under turbulent con-
ditions. For a fluid described by Equation (3) the defor-
mation rate dependent relaxation time § may be readily
determined from measurements made under conditions of
a steady laminar shearing flow, for which:

7117 722 Nuws (4)
2ﬂ'w’)’ 2y

Applying Equation (3) to steady elongational flows as
described by Equation (1) one obtains (39):

_ 4uT
T 1—(2601)2 (5)

Equation (5) states that as the term 26I' approaches
unity the stresses required to sustain such motion must
rise to infinity and, in its support, increase in the stress
level of two orders of magnitude have been observed ex-
perimentally (4, 21). Such a result is, however, impos-
sible in a turbulent field in which the stress levels are
governed by inertial effects of finite magnitude. Thus,
Equation (5) alternately requires that for such finite
stress levels:

6=

Tyy

20r < 1 (6)

Comparing the turbulent fields in Newtonian and visco-
elastic fluids of the same viscosity level and at a given
(high) Reynolds number the stresses (inertial effects)
must be comparable in magnitude. If the stretch rate T'y
in the Newtonian fluid is very large as compared to the
term (1/26) for the viscoelastic fluid then the visco-
elastic stretch rate will be smaller than I'y, so that Equa-
tion (6) may be satisfied. Such a decrease corresponds, in
the Townsend-Bakewell model of the eddy structure
[Equations (1) and (2)] to reduced radial momentum
transfer rates or, equivalently, to a reduced drag. It is
interesting to note in this connection that Wells and
Spangler (47) have recently shown experimentally that
the sublayer region is of primary importance, though the
absence of fluid properties does not enable one to employ
their data to confirm the inequality of Equation (6).

SIMILARITY CONSIDERATIONS

The preceding section has demonstrated the importance
of elastic properties, described by the relaxation time
of the fluid, in controlling the radial momentum transport
rates in the wall region. In order to apply these con-
siderations a dimensional analysis is performed parallel to
that originally formulated by Millikan (29). A similar
analysis has been published (9) for purely viscous non-
Newtonian materials and algebraic details will therefore
be omitted in the following.

The overall cross section of the duct is assumed to be
divisible into two regions: a turbulent core in which
inertial effects are pre-eminent and a wall region in which
the constitutive properties of the fluid are also important.
One may write that in the wall region:
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= fa(rw, Y, p, 1, 6) (7)
and in the turbulent core:
Un— 6 =f3(rw, R, y, p) (8)
So that over the entire section:
u=F (1w, R, y, p, 1, 0) (9)

The preceding equations are identical to those considered
valid for Newtoman Hwuids except for the addition of the
fluid relaxation time as a governing parameter for flow
near the wall. Parameters describing the shear depend-
ence of u# and 6 need not be included as the viscosity and
relaxation time influence the flow only in a region in
which the stress is essentially constant. In the following
therefore the fluid property parameters are not necessarily
assumed to be constants but must be evaluated at the
wall shearing stress levels.
Introducing the dimensionless groups:

7 Ru*
v
é=y/R
_ ¢(u*)?

r

(10)

v

Application of the = theorem shows that Equations (7),
(8), and (9) may be written in the form:

wall region: Lﬁ = f2(Z¢, 1) (7a)
u
Up—
core region: —-‘—u— = f5(£) (8a)
u
. Um
centerline: —=F(Z,+) (9a)
u

Assuming that over some region of the tube the velocities
and derivatives of velocity with respect to position as
given by Equations (7) to (9) coincide, the equations
tor the region of overlap must be of the form:
Un—u
—mur=—Aln£+C3 (11)
U u®
— = Aln y
u v

+ B(r) — Cs (12)

The parameters A and C; in Equations (11) and (12)
may be taken as constants having the Newtonian values
since they do not depend upon the dimensionless relaxa-
tion time 7. The value of A is commonly taken as 2.46
(5). For purely viscous fluids, both Newtonian and non-
Newtonian, Equation (11) has been commonly employed
over the entire cross section of the turbulent core by al-
lowing C3 to depend on £. Various empirical formulations
of C3(¢) which have appeared in the literature are con-
cisely summarized by Bogue (5) who in turn has de-
veloped perhaps the most accurate formulation for Cs(¢)
owing to the extensive data considered. At the tube cen-
terline the correction function is identically zero [Equa-
tion (11)] while as noted from Bogue’s data, for 0.3 <
¢ < 1.0 the function makes a negligible contribution to
the velocity given by Equation (12). For values of the
radial position coordinate £ less than 0.8 the contribution
C3 (&) generally remains below 109 of the actual velocity.
Accordingly it is taken as identically zero, as a first ap-
proximation, allowing attention to be focussed on the
more important variables.

The function B(r) in Equation (12), which describes
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the effects of fluid elasticity on the velocity profile, must
reduce to the Newtonian value of 5.6 (5) in the limit
of a vanishingly small elasticity.

By definition the Fanning friction factor is given by:

f = =2(Tuz:)2 (13)

in which V' denotes the average velocity:

1
V=2fouxdx (14)

and x is the reduced radial position coordinate #/R.

In order to evaluate the integral appearing in Equation
(14) it is usual to assume the validity of Equation (12)
over the entire cross section of the tube, for purely vis-
cous fluids. In the case of viscoelastic materials the avail-
able velocity profile measurements (12) suggest a marked
thickening of the sublayer, making it necessary to inte-
grate Equation (14) piece-by-piece (17). In the core re-
gion Equation (12) will be used; within the sublayer
0 < y* <yt it will be assumed that the profile is linear
as a first approximation, that is u*t = y*. Setting C;
equal to zero as discussed earlier Equation (12) gives
atyt =yt

B(r) =yt —Aly* (15)

which serves to define y,*. It should be noted that al-
though the definition is somewhat arbitrary Equation (15)
shows how the thickness of the sublayer must depend on
the dimensionless fluid relaxation time r through de-
pendence on the function B(r).

Carrying through the indicated integration and ne-
glecting terms in £ results in:

M = P-F(&) — &2 Ru®
u* v
R -3
e ( gl,v“ ) (16)

wherein, from Newtonian data, P = 3.60 and ¢ is the
value of ¢ defined by y;*. Combining Equations (11),
(12), (18), and (16):

2
V 7 =A(1—£&)2In Npe V-

+ (1—¢&)2[B(r) —Aln 221 — G (17)

Equations (12) and (17) constitute the primary re-
sults of the dimensional analysis and form the framework
for interpreting and finally predicting the behavior of
drag reducing systems. In a number of instances (12, 13,
28) equations similar to, but less general than, Equation
(17), have been presented. For example Elata’s (12)
equation for the drag coefficient may be written:

*2
\/-,E-=A1nNRe\/f‘—o.55+ I 2

14
in which the effects of elasticity have been accounted for
empirically through a relaxation time § (assumed constant
for a given solution) and the parameter o’ which is a
function of polymer characteristics and concentration. In
Equation (18) the particular form of the intercept function
was empirically deduced from the data.

In the limit of vanishingly small elasticity (r — 0)
Equations (12) and (17) defining the velocity profile and
the drag coefficient must reduce to the corresponding
equations for Newtonians fluids. At the opposite asymp-
totic extreme, as + becomes very large the boundary re-
gion must thicken [Equation (15)], and in the limit y,*

(18)
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approaches a limiting value determined by the tube
radius. The simplifying assumptions used in Equation (7)
and in approximating the wall region with a linear
velocity profile cause the analysis to break down, however,
as soon as the sublayer thickens sufficiently to encompass
an appreciable part of the cross section of the tube and
these factors determine the actual limits of applicability
of Equations (12), (17), and (18).

EXPERIMENTAL PROCEDURE

Axial and radial components of the instantaneous velocity
vector were measured a sufficient number of times to enable
calculation of the time-averaged axial velocities as well as the
axial and radial intensities, at 5 radial positions in a 1 in.
diameter tube. Measurements were made at two values of the
Reynolds number in each of two drag reducing systems, as
well as in Newtonian fluids to provide a check of the accuracy
of the results. The two drag reducing systems studied were
chosen to represent the two distinct types of drag reduction
observed: (a) highly drag reducing fluids in which drag reduc-
tion is observed at all Reynolds numbers in excess of 2,100,
and (b) modestly drag reducing fluids in which turbulent
Newtonian frictional behavior is observed over some range of
(low) Reynolds numbers, followed at higher Reynolds numbers
by a region in which drag reduction occurs.

The turbulent velocity data were derived from a series of
approximately one hundred photographs of small bubbles en-
trained in the fluid. Bubbles having on the average a diameter
of less than 0.002 in. were introduced by a mixer operating in
the fluid storage tank. An estimate of the maximum amount
of air in the system (38) indicated that the amount of air was
much less than 0.0015% by volume. The bubbles were illumi-
nated by passing a 0.040 in. deep horizontal plane of light from
a Bausch and Lomb carbon arc lamp through the center of
the 1 in. diameter glass tube. The axis of the camera lens was
placed perpendicularly to the plane of light; the optical system
was calibrated for radial magnification and refraction effects
simultaneously by photographing the tip of a 0.0150 in. diam-
eter wire which could be inserted and positioned accurately.
Axial magnification was determined directly by photographing
a steel rule. With the particular combination of bellows length
and camera lens used, the overall magnification of the optical
system was about 3.5%x with a field of view of about 1.5 in.
The light beam was periodically interrupted using a high speed
slotted wheel so that each bubble was illuminated for intervals
of 1/2400 sec. Measurement of the axial and radial components
of the length of the streaks so formed permitted calculation
of the axial and radial velocity components. Distances on the
photographs were measured to within =+ 0.001 in. using a 10-
power microscope with a movable micrometer stage. At high
Reynolds numbers the number of streaks selected for one veloc-
ity measurement was such as to provide an axial length of the
order of 1 in. to be measured with the microscope, thus giving
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Fig. 1. Experimental measurements of viscous properties of fluids

used (water, corn syrup, and 0.01 and 0.1 solutions of ET-597 in
water).
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Fig. 2. Relaxation time data, viscoelastic fluids.

negligible errors of measurement. At low Reynolds numbers
and for radial velocity measurements an equivalent require-
ment cannot be applied, owing to the small values of these
velocities, and these latter measurements will accordingly be
seen to be subject to some error.

Ideally instantaneous velocity measurements are required to
determine the root mean square values of the velocity fluctua-
tions, but in fact only the large scale energy-containing eddies
contribute significantly to the result. At the higher Reynolds
numbers in the present work the fluctuations on a time scale
of Jess than 1/1200 sec. could not be determined. However,
recent data (3I) indicate the time scale characteristic of the
dissipative portion of the turbulent spectrum to be about
1/1800 sec. Since the time scales of the energy containing
eddies are an order of magnitude larger, the measurements
made provide root mean square velocities which appear to
contain contributions from all significant frequencies. A detailed
consideration of errors associated with analysis of the photo-
graphs as well as the statistical limitations of the data is
available (38).

The fluids used were 0.01% and 0.1% by weight aqueous
solutions of ET-597, a high molecular weight polyacrylamide
manufactured by Dow Chemical Co. The viscous properties of
these viscoelastic fluids, as well as those of the Newtonian
fluids used, are presented in Figure 1. These were determined
using a capillary tube viscometer described in detail elsewhere
(40). The elastic properties [the parameter ¢ in Equation (3)]
were estimated using normal stress measurements on equivalent
materials (30, 39). In order to take into account the fluid
degradation in the circulatory system used it was assumed that
both the normal and shearing stresses were effected identically
[Equation (4)]. Thus in Figure 2 the dashed line represents
relaxation times calculated directly from Oliver’s data while
the solid line represents the estimate for the degraded solution
used in this work.

RESULTS

Frictional data are presented in Figure 3. Pressure
drop measurements for the 0.01% solution were obtained
before and after the photographic runs, which in Figure 3
correspond to the lower and higher values of the friction
factors respectively. On the completion of the photo-
graphic runs the solution was evidently stable to further
degradation, as these photographic data points deviate
but slightly from the data obtained later. This is not
true in the case of the data for the 0.19 solution.

The data in Figure 3 serve to illustrate clearly the
qualitative differences between the solutions which ex-
hibit a large drag reduction and those which display this
phenomenen only modestly. The data for the 0.1% solu-
tion show that drag reduction occurs at all generalized
Reynolds numbers in excess of 2,100. At a generalized
Reynolds number of 31,500, corresponding to the condi-
tions of the photographic run, the actual pressure loss is
approximately 27% of that for water at the same velocity.
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In contrast, the 0.019% data show that drag reduction is
delayed until a critical Reynolds number is reached, be-
yond which a modest amount of drag reduction occurs.
At a Reynolds number of 144,000 for example, the pres-
sure loss is roughly 55% of the pressure loss for water at
the same velocity.

Data defining the experimental conditions at which
velocity and intensity measurements were made are pre-
sented in Table 1. The analysis of the Townsend-Bakewell
eddy pattern considered in Equations (1) to (6), ap-
plied to the present data, is summarized in Table 2. To
carry out this evaluation the scaling constant K in Equa-
tion (2) was determined by equating the radial velocity
components of the Townsend-Bakewell eddies to the mea-
sured root mean square values of the radial velocities.

TaBLE 1. EXPERIMENTAL CONDITIONS FOR
TURBULENCE MEASUREMENTS

v X 105
sq. ft./ A% u*
Fhiid sec. N’Rre ft./sec. ft./sec.
0.1% ET597, run I 4.60 13,370  10.0 0.304
0.1% ET597, run I1 3.27 31,500 19.2 0.465
0.01%ET597, run III 1.16 13,500 187 0.110
0.01% ET597, run IV 1.16 144,000 20.0 0.678
30% corn syrup 2.56 12,100 378 0235
water 0.964 160,000 185 0.824

In view of Equations (2), (5), and (8) one would
expect no drag reduction to occur when 20I'y << 1,
since under these conditions the Newtonian stretch rate
I'v may be accommodated in viscoelastic fluids with no
significant increases in the stresses to levels above those
of the Newtonian case. Conversely, as 20Ty approaches
values of the order of unity appreciable decreases in the
turbulent momentum transport rates should be found.
Table 2 shows these trends to be followed, thus supporting
not only the qualitative plausibility of this model but
suggesting the basis for the quantitative similarity anal-
ysis, Equations (7) to (9), to be sound.

TaBLE 2, RELATIONSHIP BETWEEN DRAG REDUCTION
AND STRETCH RATES

8 % 104
sec. 20TN (u*)pr/(u* N
run 111 9.5 0.06 1.0
run IV 14 0.50 0.74
run I 62 2.2 0.53
run II 23 34 0.47
TUBE 0.01% 0.1% CORNS. WATER
P A A a -
>, " o o e e
2 \ 1 O PHOTOGRAPHIC RUNS
- S [ 1]
'%% e | | |
; N i a3 el 1[
[ee. d [ —
\\IQA'% A JCQO%A
N ¥ ogh
i
163 W \ %i AAAM
T 1
[
103 10% , 10% 108
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Fig. 3. Drag coefficient results.
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Fig. 4. Streak photographs (a) nondrag reducing conditions. Run IlI:
NR,- = I3,500. vV = 1.87 H‘JSEC.
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Fig. 4(b) Drag reducing conditions: 13,400,

Sample streak photographs, representative of the con-
ditions in Table 1, are presented in Figure 4. The time
scale corresponding to the length of one streak is, as noted
earlier, about 1/2400 sec. The upper of the two photo-
graphs displays the characteristics of Newtonian turbu-
lence noted in nondrag reducing systems: large radial
velocity fluctuations and a thin wall region, the latter im-
plying low velocity gradients and hence equal streak
lengths over the major portion of the velocity field. Con-
versely Figure (4b) reveals a boundary layer extending
over most of the tube and a virtual absence of velocity
fluctuations. Study of a large number of photographs taken
under drag reducing conditions indicate, however, that
in both runs I and II (severely drag reducing, see Table
2) infrequent but large radial velocity fluctuations do oc-
cur: the flow has an intermittent character with long
periods of essentially laminar flow interspersed with
bursts of turbulence. The Reynolds numbers, it will be
remembered, are 13,370 and 31,500, unusually high for
incompletely turbulent fields.

The profiles of the time-averaged or mean velocities
are plotted in Figure 5. Excellent agreement was generally
obtained between the average bulk velocity determined
from the calibrated mass flowmeter and the velocity de-
termined by integration of the velocity profile. The largest
discrepancy occurs for run I, in which the difference is
3% of the flowmeter value; for all other runs the dis-
crepancy amounted to less than 1.6%. The 95% con-
fidence limits for the data points were always found to
be within +59% of the point shown (38). The solid lines
of Figure 5 represent profiles calculated either from the
usual laminar profile equation or from Bogues (5)
logarithmic equation for turbulent conditions. The tur-
bulent data for water and for run III (not drag reduc-
ing, see Table 1) are in excellent agreement with the ex-
pected turbulent Newtonian profiles.

Under the drag reducing conditions of the 0.019% solu-
tion the data, (run IV) show a surprising flat profile in
the turbulent core. A similar result, based on hot film
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measurements in dilute polyethylene oxide solutions, has
been noted by Virk (44). Introducing an eddy viscesity
one may write:

du
mw (1—§) =M

On consideration of the mechanisms involved in the gen-
eration of the turbulent shear stress Phillips (32) has
shown the eddy viscosity must be of the form:

AN A
He = A P(U’)zo

(19)

(20)

in which A is a constant and /0\ represents, on the aver-
age, the time scale over which the radial fluctuations re-
main coherent. Thus, for a given level of shear stress the
velocity gradient is governed by the radial intensity and

the time scale é\ In view of the fact that sudden deforma-
tions of viscoelastic fluids lead to very high stress levels
(27), as do elongational flows as noted earlier, one would

expectlé to be appreciably larger in these systems than in
Newtonian fluids, leading to higher eddy viscosities and
lower velocity gradients unless the radial intensity term
v’ is much smaller. In fact, this will be seen to be about
the same as in Newtonians, hence the flatter velocity pro-
files and higher eddy diffusivities are reasonable qualita-
tively.

Tl}lle radial and axial turbulence intensity data for the
0.019 solution and the Newtonian fluids used have been
plotted in Figure 6. In general the confidence limits for the
intensity measurements are much broader than those for
the mean velocities, being +15 to 20% of the plotted
values (38).

In Figure 6 the solid lines represent data obtained by
Sandborn (34) on air in a 4 in. pipe. The data obtained
by Wells, et al. (45) for water in a 0.76 in. tube are
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Fig. 5. Velacity profile results (time averaged velocities).
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represented by the broken line. Sandborn’s measurements
are in close agreement with those of Laufer (19) and
with the measurements in liquid systems by Patterson
and Zakin (31) and Wells.

Considering the high Reynolds number Newtonian data
it is evident that both the axial and radial results are in
close agreement with accepted Newtonian data at similar
Reynolds numbers. At low Reynolds numbers the pres-
ent Newtonian data, while consistent with the Reynolds
number trends, are generally higher than might be ex-
pected. No literature data on radial intensities at Ng, =
12,000 are available for comparison, but in the case of
the axial intensities at low Reynolds number the data
are approximately 15% higher than Wells' data for
water. This difference may be acounted for by random
errors in the streak length measurements, as noted earlier.
However, for purposes of comparing the Newtonian and
viscoelastic data at a given Reynolds number the error is
not significant, however as it would be of a comparable
magnitude in both cases.

The data for Figure 6 show that when no drag re-
duction occurs in the viscoelastic fluid (run III) the tur-
bulence intensities of the polymer solution are in close
agreement with those of the Newtonian fluid at the same
Reynolds number. At the higher Reynolds number (run
IV), with the turbulent drag coeflicient about 559, that
of water it is apparent that all of the points for the axial
intensity are roughly 209 lower than the corresponding
points for water, while the radial intensity data show close
agreement with the water data. Statistically the differences
between the corresponding axial intensity data points at
¢ =~ 0.15, are just significant at the 909, level of con-
fidence. Assuming that the observed lowering of the
axial intensity (relative to the radial intensity) is real, a
shift toward isotropy has occurred. A lowering of the
turbulent Reynolds stress is implied since for isotropic
turbulence the Reynolds stress must be zero. This is of

o.16
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Fig. 6. Turbulence intensities, 0.01% polymeric solution.
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Fig. 7. Turbulence intensities, 0.1% solution.
course consistent with the experimentally observed lower-
ing of the shearing stress or the drag coefficient.

At the Reynolds numbers considered in this work the
0.1% velocity profiles show large deviations from tur-
bulent Newtonian profiles at the same Reynolds numbers.
In Figure 5 the profiles of runs I and II are compared
with a turbulent Newtonian profile and with the pro-
file which would exist if the flow were laminar at the
same flow rate. Qualitatively the profiles imply that the
flow is transitional in that the profiles are neither lami-
nar nor turbulent but between the two. Turbulence data
for Newtonian fluids in transitional flow have been re-
ported by Rotta (33) and subsequently in summary by
Schlichting (37). Rotta’s measurements show that the flow
field in the transitional region consists of alternating
patches of laminar and turbulent fluid so that the time-
averaged profile must lie between the two profiles.

The suggestion that the flow of 0.19% solutions used
in the present work is transitional is supported by two
other facts. First, Rotta’s measurements indicate that for
transitional flow extremely large entrance lengths are nec-
essary for conditions of constant intermittency, or equiv-
alently constant pressure drop, to develop. Even in the
case of Reynolds numbers near 2,600 for which the in-
termittency factor approaches unity in Newtonian sys-
tems entry lengths of 300 to 400 diam. are required for
the flow to become steady. Although the very large entry
lengths of drag reducing systems have been previously
noted experimentally (9) they seem to have been ignored
or unnoticed in a large part of the studies to date. Sec-
ondly, the intensity data provide a measure of the inter-
mittent character of the flow. The alternating patches of
laminar and turbulent fluid will tend to give rise to very
large axial velocity fluctuations, as the velocity at a given
radial position fluctuates between the levels associated
with laminar and turbulent fields. Unless the intermittency
is very low, therefore, one would not expect gross de-
creases in the axial turbulence intensity from the levels
associated with fully developed turbulence. By contrast
the radial intensities are highly sensitive to the inter-
mittency of the flow. For example if it is assumed that the
intermittency is % then out of n measurements n/2 will
contain no radial fluctuations and the mean square radial
velocity will be just % of the mean square radial velocity
for fully developed turbulence.

Figures 7, in light of the above arguments, shows the
flow to be transitional in the highly drag-reducing fluid
at both Reynolds numbers studied, 13,400 and 31,500.
Further, although the intermittency level of the turbulence
has been increased in moving from the lower to the
higher Reynolds number the usual sharp transitions in
the drag coefficients noted earlier (39) have not yet ap-
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Fig. 8. Experimental evaluation of B (t), Equations (12) and (17).

peared in the 0.19% solution data shown in Figure 3,
indicating that in small tubes the transition to a full-non-
intermittent turbulent field may be delayed to Reynolds
numbers of the order of 10°. Recently available direct
measurements of intermittency (6), utilizing a pressure-
sensitive probe, support the suggestion of a delayed
transition to full developed turbulence, even at (poly-
ethylene oxide) solution concentration levels of only 2.5
ppm. Clearly stability studies of the laminar viscoelastic
field are of interest.

CONSIDERATION OF SIMILARITY LAWS FOR
VELOCITY PROFILES AND DRAG COEFFICIENTS

Equations (12) and (17) yield the turbulent velocity
profiles and drag coefficients in terms of three functions
which must be determined experimentally: B (+), G and
£, the latter two being related through Equation (15).
The details of the analysis of the data to obtain these
functions (38) may be summarized as follows:

The parameter G makes its largest contribution to the
data for Newtonian fluids at low Reynolds numbers and
use of a constant value, independent of the variables
given by Equation (16), appears to suffice. The validity
of the value chosen, 3.00, is illustrated in Table 3 in
which values of the centerline velocity computed using
this value of G are compared with the experimental values
obtained for all of the present data, both Newtonian and
non-Newtonian, It is seen that the comparison is a good
one.

TABLE 3, EXPERIMENTAL AND CALCULATED
CENTERLINE VELOCITIES

Um (ft./sec.) Uwm (ft./sec.)

Run Calculated Experimental
1 15.3 14.4

II 25.1 24.6

I 2.33 2.34

v 22.5 23.1

corn syrup 4.76 4.98
water 20.9 22,2

In order to determine B (r) over a wide range of
values of the dimensionless time ratio r earlier data (39)
as well as those of the present investigation were utilized.
The resulting experimental function is shown in Figure 8,
as determined using all data at Reynolds numbers beyond
the transition to fully developed turbulence, the latter
assumed to be revealed by discontinuous changes in the
drag coefficient-Reynolds number plots. The unavailabil-
ity of data in small tubes for fluids which were sufficiently
dilute to exhibit well-developed turbulence and for which
relaxation time measurements were also available, as well
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as the absence of data for very large ducts, restricts the
range of tube diameters studied severely. Nevertheless
the essentially linear dependence of B(r) upon 7 for values
of 7 less than 15, and the asymptotic constancy of B (r)
at high values of 7 are both results of design importance.
A comparison between the experimental drag coefficients
with those predicted using Equation (17) and the smooth
curve of Figure 7 is shown in Figure 9; the mean absolute
deviation between the two is 4.2%.

APPLICATIONS TO DESIGN AND SUMMARY COMMENTS

At high Reynolds numbers those systems which are
strongly drag reducing frequently exhibit friction factor-
Reynolds number relationships which parallel those of
Newtonian fluids. This effect is predicted to occur by
Figure 8 whenever B (r) is essentially indeépendent of 7,
and it thus also predicts the existence of an upper limit
to the obtainable drag reduction under turbulent con-
ditions. The drag coeflicients for such a maximal drag-
reducing fluid may be shown to be analogous to those of
a Newtonian fluid exhibiting a transitional Reynolds
number of 14,400 (38). Still lower drag coeflicients
could, of course, be obtained if the stability of the laminar
field was such as to enable the transition to complete
turbulence to be delayed to even higher Reynolds number
levels, the above considerations being relevant only when
the fluid has finally become fully turbulent. It should be
noted that Virk (44) has postulated a maximum drag
reduction asymptote on the basis of experimental data
for several fluids.

In the absence of relaxation time data for the fluid in
question it is not possible to predict the frictional be-
havior a priori. Practically, however, this problem may
be circumvented without recourse to measurement of the
elastic properties of the material, providing it is possible
to measure the drag coefficients under turbulent condi-
tions at two flow rates. Using B (r) as presented in Fig-
ure 8, two measurements of the drag coeflicient can be
used to estimate two values of the group 7; as it in turn
can frequently be represented as a power law function
of the wall shearing stress r,, with an exponent in the
range 0.2 to 0.5 for dilute solutions (38), a logarithmic
plot of these variables may suffice as an approximate
determination of the relevant viscoelastic properties. In
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Fig. 9. Comparison of predicted drag coefficients with experimental
values.
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principle it is also necessary to know the sublayer thick-
ness £ which, however, may be assumed to be zero as a
first approximation in determining B (7). Using the ap-
proximate B (r) an adequate estimate of ¢, follows from
Equation (15) which may then be used iteratively to
recalculate B (r) at the conditions of interest.

The important and commonly observed decrease in
drag reduction with increases in tube diameter, at a given
Reynolds number, is contained implicitly in Equation
(17) through the dependence of B (r) (and 7) upon
the wall shearing stress. For the dilute (0.01%) solution
of the present study it was noted that a Reynolds number
of 1.4 X 10° the drag was reduced to 55% of the New-
tonian value. Calculations based on Equation (17) and
Figures 2 and 8 show that this fluid would be predicted
to exhibit no drag reduction at all in a 12 in. diameter
duct until Reynolds numbers of nearly 10° were reached
and would reach a magnitude of 35% at Np, = 1.8 X
108 Similarly to achieve a reduction in drag of 55%
at Nge = 1.4 X 10° a fluid having the viscoelastic prop-
erties of the 0.29 solution (Figure 2), but having the
same viscosity as the 0.01% solution, would be required.
This would appear to necessitate the development of
additives which are an order of magnitude superior to
those studied to date. A few unpublished data obtained
using a 5 in. pipe serve to support both this and the
validity of the correlation for such larger ducts. Two
routes appear to be available for development of such
superior fluids:

1. Systems exhibiting much larger relaxation times, 6,
but low viscosity coeflicients, could be sought. In view
of degradation problems involving very large polymeric
molecules the Savins (35) alternative of use of systems
forming temporary or reversible viscoelastic structures is
of interest.

2. If the Weissenberg number of Equation (4) is in-
dependent of deformation rate, then the dependence of
the drag reduction upon tube diameter may be shown to
disappear except for higher order effects arising out of
the £&. This point illustrates the importance of fluid physi-
cal property measurements on a wide variety of fluids,
to determine which molecular or microrheological struc-
tures are likely to lead to such constant (and large!)
Weissenberg numbers.

Significantly, it has been noted in studies of Taylor
instabilities in Couette flows (8, 18) that the second
normal stress difference has a marked effect on the sta-
bility of the velocity field. This factor, ignored in all
available studies of turbulent drag reducing systems, in-
cluding the present, could play a substantial role. Thus,
though Equations (12) and (17) and Figure 8 present a
set of internally consistent design criteria the possibly
significant importance of additional rheological properties
cannot be overlooked. Their relevance could be such as
to cause two fluids having identical relaxation time and
viscosity functions to exhibit differences in their drag-
reducing characteristics especially under conditions of low
to modest Reynolds numbers, in which region the me-
chanics of the fluid motion may be peculiarly sensitive
to transitional or instability phenomena.
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NOTATION
A
A = constant, Equation (20)
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A =slope of logarithmic velocity profile, A (New-
tonian) = 2.46

B, C; = intercept functions for logarithmic velocity pro-
file, B(0) [the Newtonian fluid value] = 5.6

d;; = components of deformation rate tensor

D = tube diameter

f = Fanning friction factor, Equation (13)

fs, fs, F = arbitrary functions

G = function; Equation (16). Approximated by a
constant value for design purposes: G =~ 3.00.

I, I, = relative axial and radial intensities, I, = u’/Uy;
Ir = v/ Um

K = scaling constant for large eddy structure

L = length along tube

n = number of instantaneous observations

n’ = power law exponent (9)

N’ge, Nre = generalized Reynolds number (9) and Reyn-
olds number based on apparent viscosity at the
wall respectively

Nws = Weissenberg number, ratio of elastic viscous
stresses

P = constant of integration = 3.60 for Newtonian
fluids, Equation (16)

r = radial position

R = radius of tube

u = local time—averaged axial velocity

u* = friction velocity \/mw/p

u* = dimensionless local velocity = u/u®

o', v" = axial and radial turbulent intensities

Un = time-averaged fluid velocity at centerline of duct

v = radial velocity component of eddy

V= bulk (average) velocity

Ar = distance across the large eddies

y = distance from tube wall

y* = dimensionless distance from tube wall

y* = y* defined by intersection of linear and logarith-

mic velocity profiles
Z = Reynolds number based on friction velocity,
Equation (10)

Greek Letters

«’ = empirical constant, Equation (18)
v = shear rate
I  =rate of stretching; I'v denotes this term for a

Newtonian fluid

] = fluid relaxation time function
é\ = integral time scale as defined by Phillips (32)
pe = eddy viscosity
B = viscosity function; p,, denotes the viscosity evalu-
ated at the wall shearing stress, =,
vy = apparent kinematic viscosity evaluated at =,
£ = dimensionless distance from wall = y/R
& = value of ¢ defined by y;*
p = density
T = dimensionless time ratio, Equation (10)
+;j = components of deviatoric stress tensor
i = components of total stress tensor
r» = shear stress at tube wall
= stream function
8/8t = convected time derivative (48)
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Mutually Dependent Heat and Mass
Transfer in Laminar Duct Flow

E. M. SPARROW

University of Minnesota, Minneapolis, Minnesota

and T. S. CHEN

University of Missouri, Rolla, Missouri

An analysis is performed of the strongly coupled heat and mass transfer processes which
result from sublimation of mass from the walls of o duct into a flowing gas, the latent heat
being provided solely by convective transfer from the gas. The flow is assumed to be laminar
and hydrodynamically developed. Results are given for the streamward variations of the bulk
and wall temperatures and mass fractions, of the heat and mass transfer rates, and of the
local heat transfer coefficient. Representative temperature and mass fraction profiles are
olso presented. Entrance lengths characterizing the near approach to fully developed condi-
tions are tabulated. Comparisons are made of the present results (based on a parabolic velocity
profile) with those based on a slug flow velocity profile. A subsidiary analysis using the
Lévéque model is also performed and the results compared with those of the principal solu-

tion.

Heat transfer processes in duct and tube flows have

been the subject of extensive analytical investigation for
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many years (1). In recent years, mass transfer processes
in internal flows have also been studied analytically [for

AIChE Journal

May, 1969





